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principles to an accuracy comparable with tha t  
a l ready achieved for the spherical term. 
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Two alternative procedures for obtaining the orientation relationship using the stereographic net 
and numerical methods are described. Their principal advantage over Mackenzie's method is the 
greatly increased speed achievable; the accuracy is commensurate with that  of standard Laue 
photographs. 

In  a recent article, Mackenzie (1957) described a very  
elegant and precise method of determining the orien- 
tat ion relat ionship between the axes of two systems 
(structures) given the correspondence for an a rb i t ra ry  
set of two or more directions in the respective systems. 
However, the method which requires at least a desk 
calculator, is exceedingly lengthy. 

Mackenzie points out tha t  the conventional  proce- 
dures using stereographic manipula t ions  have l imited 
accuracy and if high precision is required numerical  
methods are necessary at  least  in the f inal  stages. 
No references were given to any  such methods and no 
specific discussions of this topic could be found in the 
l i terature.  In  view of this, two methods (A and B 
below), employed successfully by  the writer, (1960), 
are worth recording here. They are based on the well- 
known theorems of Euler  & Rodrigues (Coe, 1938; 
Gibbs, 1943, 1948; Whi t taker ,  1944). The methods 
are a great deal  faster t han  Mackenzie's, especially 
when a large number  of directions such as are avail- 
able from a Laue photograph have to be taken  into 
consideration; in the one method no numerical  com- 
putat ions need be made. The precision of the methods 
is in keeping with tha t  obtainable  from a s tandard  
Laue photograph,  and  compares favourably  with 
Mackenzie's. 

Method A 

In  manipula t ions  with the stereographic net, any  

rotat ion not about  the [001] axis (in the s tandard  
projection) or about  an axis perpendicular  to i t  can 
always be decomposed into two rotations 01 and 02, 
one of which is about  the axis [001] = n l  and the other 
about  an axis [x, y, 0 ]=n2  perpendicular  to nl.  The 
procedure involves superimposing two pieces of t racing 
paper on a stereographic net, wi th  the s tandard  
orientation (say) plotted on the one piece and  the 
'unknown'  orientation on the other. The two tracing 
papers are then adjusted indiv idual ly  about  the center 
point  of the net  unt i l  trial  checks show tha t  the correct 
position for n2 and the correct values for 01, 0e 
have been found. Numerical  substi tution,  in one of 
the equations below, to determine the axis fi0 and angle 
00 of the equivalent  single rotat ion is made  at  this 
stage. The value of fi0 m a y  then  be plotted on the 
original stereogram for a graphical  presentation. 

In  general a rotat ion 0 about  the direction with unit  
vector ~ = [nln2n8] (where n, is a direction cosine) can 
be expressed by  the 3 x 3 rotat ion mat r ix  R with 
elements 

ri~ =n~(1 -- cos O) + cos 0 

ri~=n~nj(1--cos 0)-- (Sn~ sin 0 ( i4 j )  

((~ is + 1 when the permuta t ion  is cyclic and  - 1 when 
anticyclic). Ro=R2R1 then gives the single rotat ion 
mat r ix  necessary to bring one orientation into coin- 
cidence with the other, i.e. the orientation relationship.  
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The axis n0 and  angle 00 of the rotat ion can be 
ext rac ted  from R0 by  using the relat ionship 

0 --- cos-1 ½ (Z'r~ - 1 ) 

n~---- [(rii-- cos 0)/(1 -- cos 0)] ½, 

where the correct sign for n~ is de termined from the 
condition tha t  

n~ = - (r~z- r~j) / 2 sin 0 . 

Alternately,  n0 and  0o m a y  be obtained from the 
vector relat ion 

no t an  ½00 

nl  t an  ½01+fi2 t an  ½0e--(nl × Re) tan  ½01 tan  102 

1--fi~.fi~. t an  ½01 tan  ½-0~ 

provided none of the rotat ions is through 180 ° . In  the 
A A 

present  case n l .  n2 = 0, so tha t  the denominator  on the 
r ight  hand  side reduces to uni ty .  

If  the observations are subject  to exper imenta l  
error, then  the two rotat ions must  be selected so tha t  
the best fit  wi th  the da ta  is obtained.  This m a y  be 
es t imated visual ly  on the stereographic net  and  is 
equivalent  to choosing a rb i t ra ry  weighting factors 
in Mackenzie 's  analysis.  

Method B 

If the direction of two normals  A '  and B'  is known 
with respect to their  direction A and B in the s tandard  
orientation, then  the axis ~ and  angle 0 of rotat ion 
can be found by  applying direct ly on the stereographic 
net  the theorems of Euler  & Rodrigue. They are 
expressed (in vector notation) for the general case, 
by  the formula 

(B'--  B) × ( A ' -  A) = ~ tan  ½0. 
(B'--  B) . ( A ' +  A) 

The uni t  vector paral lel  to ( A ' +  A) is located mid- 
way between A'  and  A on the zone (or great circle) 
passing through these poles and the uni t  vector par- 
allel to ( A ' - A )  is on the same zone, at  90 ° from 
(A' + A). Similar ly  for B '  and  B. The pole of the zone 
joining ( A ' - A )  and  ( B ' - B )  provided these are not  
coincident then  gives n. In  the special case when 
( A ' - A )  and  ( B ' - B )  coincide, the above formula is 
not applicable. The rotat ion axis ~ is then  the inter- 
section of the great circles through A B  and A ' B ' .  
0 is obtained by  determining the amount  of rotat ion 
about  ~ required to bring A into coincidence with A '  
(or B into coincidence with B'). This can be done by  
s tandard  stereographic manipula t ion.  For the purposes 
of this method the denominator  is t reated as being 
uni ty ,  since 0 is de termined graphically.  When  O= 
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180 °, ~ coincides wi th  A ×  B or A + A ' ,  as the case 
m a y  be. 

If  the direction of a number  of normals  C, D, etc. 
is known, then  this process can be repeated for any  
combinat ion of the two. The values of ~ and 0 will 
a lways be the same wi th in  the accuracy of the stereo- 
graphic net  except for any  exper imenta l  error greater 
t han  this. If  the exper imenta l  error is detectable,  then  
a cluster of poles about  some true value is obtained. 
A weighting procedure m a y  then  be adopted to cal- 
culate the true value or s imply  a visual es t imat ion 
made on the stereographic net. 

Ei ther  of the above methods is well suited to the 
accuracy a t ta inable  wi th  the s tandard  Laue tech- 
niques (Barrett ,  1952; Cullity, 1956). Method B has 
been used by  Donnay  and  others (1956, 1959) in the 
special case of twinning;  it is also sometimes ment ioned 
in older textbooks (Friedel, 1926) on crysta l lography 
in connection with this par t icular  problem. Method A, 
though somewhat  longer than  method B, is more useful 
when rotations are to be t ransla ted onto a two- 
circle goniometer. A method,  actual ly  an approximate  
form of method B has been used by  Cahn et al. 
(1953), to determine t i l t  axes in deformed zinc. No 
par t icular  short-cut or increase in  speed is obtained 
as a result  of the approximations,  and  of course the 
method is only val id  for small  angles of rotation. 

The author  is grateful  to J.  D. Eshelby  & J.  D. H. 
Donnay  for discussions and a referee for a number  of 
useful comments.  
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